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Abstract: This contribution addresses the application of dynamic system GeoGebra in
teaching and learning geometry. Our aim is to increase the interest of students in studying
classical geometry at secondary schools and colleges. One possible approach of improvement
in studying geometry is the integration of computer software in the teaching process. This
way seems to be interesting, attractive and motivational for students. Indeed the usage of
computers in education is very modern. We will use GeoGebra for visualization, for the
proving geometric problems in the plane or for the demonstration practical uses of geometry.
The usage of software will be shown on some concrete examples. We will demonstrate the
advantages of dynamic geometry system on examples from the field of kinematic geometry.
We will compare GeoGebra with other systems for geometric modeling with respect to
accessible functions. We will mention how to use geometric systems for image creation or
illustrations of geometric problems. The outputs can be used in publications and also for home
schooling and e-learning.
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Introduction and motivation

Geometry, the study of properties and relations of geometric figures, is an important and
essential branch of mathematics. Geometry is important for everyone, not only for
technicians, designers, architects, builders or civil engineers. We all need good visual
imagination in our everyday life as well. The two and three dimensional shapes which
surround us are originated in geometry. The world we live in is influenced by geometry. If we
know how to understand and apply the relationship between shapes and sizes we can use it
more efficiently. Some people think in images and shapes so they need the understanding of
geometry to be able to do that.
Without the use of geometry the great works of artists, painters and builders would
only have stayed in ideas and dreams.
According to (Hilbert, 1999) the study of geometry develops logical reasoning and
deductive thinking which helps us expand both mentally and mathematically. If we learn to
use geometry we also learn to think logically. It’s very important in everyday life – many
difficult problems can be erased and the simple solutions can be found. Students can often
solve problems from other fields more easily if they represent the problems geometrically.
Geometry is useful for learning other branches of mathematics and it can also be used
in a wide range of scientific and technical disciplines. Some scientific branches require direct
knowledge of geometry.
Geometry can be conceived as an independent discipline with many branches –
Euclidean geometry, differential geometry, algebraic geometry, topology, no-Euclidian
geometry and so on.

The main field of our interest is the study of classical geometry and descriptive
geometry – geometric constructions, projections, geometry of curves and surfaces. Mainly it
is geometry which allows the representation of three dimensional objects in two dimensions.
Classical geometry is geometry of the Euclidean plane and space.
The remainder of this paper is organized as follows: the section 2 is devoted to current
problems of the unpopularity and the difficulty of studying geometry. The main subject of the
section 3 is how to increase the interest of students in studying classical geometry. In the
section 4 we will describe kinematic geometry and in the section 5 we will introduce some
definitions and examples of special motions. We will also demonstrate the advantages of the
dynamic geometry system GeoGebra on concrete examples from the field of kinematic
geometry.
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The study of geometry

The study of geometry can be very difficult. This branch of mathematics isn’t popular among
students. Drawings (the results of geometric projections) are sometimes very difficult to
understand. For that reason geometric problems must be provided with clear examples.
Intuitive understanding plays a major role in geometry. With the aid of visual imagination we
can illuminate the problems of geometry. It is possible in many cases to show the geometric
outline of the methods of investigation and proof without entering needlessly into details. The
problem can be more understandable without strict definitions and actual calculations. Such
intuition has a great value not only for research workers, but also for anyone who wishes to
study and appreciate the results of research in geometry. Of course if we understand the main
principles of a problem then we can use exact definitions.
The currently predominant view among students and the general public is that classical
geometry is not important and useful. Drawings of classical geometry can be replaced by the
outputs of modern computer software. Of course, computers can help us solve geometric
problems and increase the efficiency of our work but we still have to know the basic
principles and rules in geometry.
Is it possible to learn geometry? Yes, but it would be easier for students if they had
encountered classical geometry, constructions and geometric proofs earlier. Sometimes
students of technical specializations experience geometry only at college. That is too late. We
work mainly with undergraduate students, so what can be done to make college geometry
more comprehensible? How to increase the interest of students in studying classical geometry
at secondary schools and colleges? This is the main subject of this article.
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How to increase the interest in studying geometry; use of computers
in the teaching process
Our aim is to increase the interest of students in studying classical geometry at secondary
schools and colleges. One possible approach of improvement in studying geometry is the
integration of computer software in the teaching process. This way seems to be interesting,
attractive and motivational for students. Indeed the usage of computers in education is very
current. Computers influence our everyday life including geometry. We have to follow the
general trend.
Nowadays, computer-aided design is commonly used in the process of design, design
documentation, construction and manufacturing processes. There exist a wide range of
software and environments which provide the user input tools for modeling, drawing,
documentation and design process. These software and environments can be used to design
curves and geometric objects in the plane and curves, surfaces and solids in the space.

According to the applications more than just shapes can be involved. In modern modeling
software we can also work with rotations and other transformations; we can change the view
of a designed object. Some software provides dynamic modeling. Technical and engineering
drawings must contain material information and the methods of construction. Computer-aided
design is used in numerous fields: industry, engineering, science and many others. The
particular use varies according to the profession of the user and the type of software.
These modern methods which are widespread in various branches can be useful in the
teaching process, too. We can prepare students for their future employment. We still place
emphasis on the understanding of the principles used in geometry.
I have my own experience of teaching classical geometry, descriptive geometry and
computational geometry at universities – Charles University in Prague – Faculty of
Mathematics and Physics and Czech Technical University in Prague – Faculty of
Architecture. College mathematics and geometry is very difficult for many students. It is
necessary to motivate and to arouse their interest in geometry. As was mentioned above, it is
necessary to improve the teaching of geometry at elementary schools and at secondary
schools.
In my lessons I use computer software for visualization, for the proving of geometric
problems in the plane and in the space or for the demonstration of the application of geometry
in practice. I work for example with Rhinoceros - NURBS modeling for Windows (Rhino),
Cabri II Plus, Cabri 3D and of course with GeoGebra. Use by teachers and students is always
free of charge, it is the great advantage of GeoGebra. Consequently it can be used by students
for home schooling and e-learning. Nowadays we have extensive database of geometric tasks,
images and 3D models – the outputs of these software.
I use GeoGebra for creation of stepwise guides through geometric construction which
can help my students understand the problem in intuitive and natural way. Moreover I show
special constructions applied in descriptive geometry and due to included functions and tools
students can discover proofs more easily. In this contribution we will demonstrate the
advantages of dynamic geometry system on examples from the field of kinematic geometry. .
Good geometric imagination and perception is very important for understanding constructions
in geometry. It is not possible to learn the constructions by heart, we have to understand
geometric problems. Let us start with the theoretical part of kinematic geometry. It is
necessary for further understanding because we will explain important terms. Then we will
introduce definitions and examples of curves which are created by special motion of
geometric objects.
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Kinematic geometry

Kinematic geometry in the plane is a branch of geometry which deals with the geometric
properties of objects which are created by motion of moving plane. Geometric motions – that
is without regard to the cause of the motion, velocity and acceleration. Theoretical kinematics
is a large subject and it is not possible to treat it completely in this article. We will restrict to
essential basics.
We consider unbounded infinite plane which contains geometric elements (points and
curves). We mainly treat such elements as points, straight lines, circles and line segments and
study the geometric properties which arise as the move in the plane. Especially we are dealing
with aspects of transformation geometry. We consider those transformations in the Euclidean
plane such that all distances remain fixed during the motion.
The treatment in this article is geometrical thus only geometric interpretations are
given.

4.1

The determinations of geometric motion

Let be the moving plane which slide over the fixed plane . The moving plane
contains curves and points which are at each instant of the motion identical. In the fixed plane
there are generated the roulettes and the envelopes. Any point of the moving plane describes
a curve, its path (often called roulette), in the fixed plane . Any curve of the moving plane
describes a curve, its envelope, in the fixed plane . The path is the locus of a point in the
moving plane. Geometrical envelope of a family of curves in the moving plane is a curve
which at each of its points is tangent to a curve of the family. Let
denote the
sequence of positions of the moving plane . The positions in the moving plane of points
… will be
… when is at
and
… when is at . It is
analogical for curves. Figure 1 shows an example of the motion of the moving plane.
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Figure 1: An illustration of the moving plane containing points
(with line segments)
which slide over the fixed plane . Points
describes curves
- the paths.
are
given, is obtained by moving. Indices denote positions of the moving plane. All distances remain
fixed.

Let us discuss the determination of the motion in the plane. There are several
possibilities how to define the motion:
a) The motion is completely determined by paths
and
of two points and (end
points of segment line). These points are in the moving plane, the paths are in the fixed
plane. The following equations are satisfied:
…
See figure 2.
b) The motion is completely determined by envelopes
and
of two curves
and . These curves are in the moving plane, the envelopes are in the fixed plane. The
following equations are satisfied:
… See figure 3.
c)

The motion is completely determined by envelope
point . The following equations are satisfied:
See figure 4.

of curve

and path

of
…

In special cases the envelope of a family of curves in the moving plane degenerates
into point. These situations are shown in figures 5 and 6.

The proofs of these theorems can be found in (Bottema & Roth, 1979) and
(Lockwood, 1967).
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Figure 5: The motion is given by envelopes
degenerate into points.
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Figure 6: The motion is given by path
degenerate into point.

4.2

of point

and envelope

The centrodes

We shall characterize any motion of the plane only by the initial and final positions.
Of course, we can get from the initial to the final position in different ways. It will be one of
several tasks to find the simplest possible way of an effecting any given motion.
The simplest motions in the plane are translations in which every point of the plane
moves through the same distance in the same direction and every straight line remains parallel
to its initial position. Another well-known type of motion is the rotation of the plane through a
given angle about any given point. The direction of every straight line is changed by the given
angle and the centre of the rotation is the only point of the plane that remains fixed.
It is possible to prove that every motion of the plane can be carried out in one
translation or one rotation. This fact considerably simplifies the study on geometric motions
in the plane. More detailed information can be found in (Bottema & Roth, 1979).
We can consider translations as rotations through the angle zero about an infinitely
distant point. If we adopt this point of view, we may regard any motion of the plane as a

rotation through some definite angle which is zero in the case of translation. Several theorems
and the possibilities of compositions of simple motions are discussed in details in (Bottema &
Roth, 1979).
Now the motion in the plane is given. We assume that and
are two positions of
the moving plane . The change of position
is associated with a centre of
rotation . If we consider a limiting position of
and
(the difference between
and
becomes smaller and smaller) the point
is called the instantaneous centre of the
motion which is related to instant .
Definition 1. The locus of the instantaneous centres at every moment of the motion is a curve
in the fixed plane. This curve is called the fixed centrode of the motion. ■
But in the same motion we may also regard the plane which we had considered
movable as fixed and the plane which we had considered fixed as moveable. That is we
may interchange the roles of the two planes. This motion is called the inverse motion. The
original motion is called the direct motion. One motion determines the other one and the
inverse of the inverse motion is the direct motion.
Definition 2. The locus of the instantaneous centres at every moment of the inverse motion to
a given motion is a curve in the moving plane. This curve is called the moving centrode of the
direct motion. ■
A more detailed study shows that the motion is completely determined by the form of
the two centrodes. At each instant of the motion the two curves are tangent to one another at
the instantaneous centre and there is no slipping. The motion is obtained by rolling (without
slipping) the moving centrode in the moving plane on the fixed centrode in the fixed plane. If
we interchange the roles of the centrodes we get the inverse motion. From the fact that the
centrodes roll on each other without slipping it follows that the arc bounded by any two points
on the fixed centrode has the same length as the arc bounded by the corresponding points on
the moving centrode. There is one more possibility how to define the motion:
d) The motion is completely determined by the fixed centrode
centrode . The following equations are satisfied:

and the moving
. See figure 7.
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Figure 7: The motion is given by the fixed centrode

and the moving centrode .

4.3

Geometric constructions of the centrodes

We shall discuss geometric construction of the centrodes. Let us consider the example
which is given by paths
and
of two points and . We construct the fixed and the
moving centrode for this special determination.
Construction 1. The fixed centrode is the locus of the instantaneous centres at every moment
of the motion. The instantaneous centre
(
…) is the intersection of the normal line to
the path
at the point
(
…) and the normal line to the path
at the point
(
…). See figure 8.
Construction 2. The moving centrode is the locus of the instantaneous centres at every
moment of the inverse motion to a given motion. We construct the point
..
of the moving centrode using congruence of the triangles
(
). The moving centrodes is constructed in the position
of the
moving plane . See figure 9.
Special cases of the centrodes will be listed below.
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Figure 8: Geometric construction of the fixed centrode .
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Figure 9: Geometric construction of the moving centrode
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Special motions in the plane

Special motions in the plane will be discussed in this section. For the creation of the outputs
and
images
we
use
GeoGebra.
We
have
web
pages
(see
http://www.surynkova.info/dokumenty/mff/DGIII/DGIII_ukazky.php) with database of
examples of motions in the plane; Surynkova P. (2011). We provide the access to this
database to our students, so students have dynamic worksheets at their disposal. In dynamic
worksheets some parameters can be changed, see the following figures.
5.1

Cyclical motion

As was mentioned above a plane motion may be defined by its centrodes. The simplest
example is the case where both centrodes are circles or one centrode is circle and the second
is straight line. These motions are called cyclical motions.
The motions are classified according to the type and relative positions of the
centrodes.
We first consider the example where a circle is rolled on a straight line. That is the
moving centrode is the circle and the fixed centrode is the straight line. The paths of points
which are obtained by rolling the circle on the straight line are called cycloids, curtate
cycloids or prolate cycloids, generally cycloid. The motion is called cycloidal. The cycloid is
the path of a point on the circumference of the rolling circle, the prolate cycloid is the path of
a point outside the rolling circle and the curtate cycloid is the path of a point inside the rolling
circle; see figure 10.

Figure 10: Cycloidal motion and examples of cycloids. Cycloid
cycloid
(green).

(blue), prolate cycloid

(red), curtate

History and applications of cycloids is very important. More details can be found in
(Rutter, 2000) and (Lockwood, 1967).
We can interchange the roles of the two centrodes. That is a straight line is rolled on a
circle. The moving centrode is the straight line and the fixed centrode is the circle. The paths

of points which are obtained by rolling the straight line on a circle are called the involute of
the circle. The motion is called involute. The classification of paths is similar to the cycloidal
motion. The paths of points which are obtained by rolling the straight line on the circle are
called involutes, curtate involutes or prolate involutes; see figure 11.

Figure 11: Involute motion and examples of involutes. Involute
curtate involute
(green).

(blue), prolate involute

(red),

We now consider the example where a circle is rolled on a second circle. There are
three cases. The paths of points which are obtained by rolling the circle on the outside of the
fixed circle are called epicycloids. The motion is called epicycloidal. The epicycloid is the
path of a point on the circumference of the rolling circle, the prolate epicycloid is the path of a
point outside the rolling circle and the curtate epicycloid is the path of a point inside the
rolling circle; see figure 12.
The paths of points which are obtained by rolling the circle in the fixed circle are
called hypocycloids. The radii of the two circles cannot be equal. The motion is called
hypocycloidal. The hypocycloid is the path of a point on the circumference of the rolling
circle, the prolate hypocycloid is the path of a point outside the rolling circle and the curtate
hypocycloid is the path of a point inside the rolling circle; see figure 13.
The paths of points which are obtained by rolling the circle on the outside of the fixed
circle which is inside the rolling circle are called pericycloids. These curves are same as
epicycloids. The motion is called pericycloidal.

Figure 12: Epicycloidal motion and examples of epicycloids. Epicycloid
(red), curtate epicycloid
(green).

(blue), prolate epicycloid

Figure 13: Hypocycloidal motion and examples of hypocycloids. Hypocycloid
hypocycloid
(red), curtate hypocycloid
(green).

(blue), prolate

5.2

Elliptic and cardioid motion

Figure 14: Elliptic motion.

Figure 15: Cardioid motion.

The elliptic motion is given by paths
and
of two points and (end points of
segment line) where
and
are straight lines. It can be proved that this motion can be
defined by rolling the circle in the fixed circle. Radius of the fixed circle is double radius of
the moving circle. That is the elliptic motion is special case of hypocycloidal motion. The
paths of points which are obtained by this motion are ellipses, segment line or circle; see
figure 14.
The cardioids motion is the inverse motion to the elliptic motion. The paths of points
which are obtained by this motion are limaçon of Pascal or circle. In special case limaçon of
Pascal is cardioid. It can be proved that this motion can be defined by rolling the circle on the
outside of the fixed circle which is inside the rolling circle. That is the cardioid motion is
special case of pericycloidal motion; see figure 15.
5.3

Conchoid motion

A conchoid is a curve derived from a fixed point , another curve, and a length . For
every line through that intersects the given curve at the two points on the line which are
of d distance from A are on the conchoid. We can get the branches of this curve by the
conchoid motion which is given by path
of point and envelope
of straight line
which degenerate into point. Envelope
is the fixed point . See figure 16, there are some
examples of various paths.

Figure 16: Conchoid motion where

is a straight line.

In some publications other terms for the paths and the special motions can be found.
We work with the simplest notations.

There exists a wide range of various special motions in the plane. We discussed the
most important and the best known. We can also study the properties of curves; we refer the
reader to (Abbena et al., 2006) and (Pottman et al., 2007).

6

Conclusion

We discussed possible approaches how to increase the interest of students in studying
classical geometry at secondary schools and colleges. The integration of computer software,
mainly GeoGebra, in the teaching process we demonstrated on the examples from the field of
kinematic geometry. We also use GeoGebra for creation of stepwise guides through geometric
construction which can help students understand the problem in intuitive and natural way.
Moreover we show special constructions applied in descriptive geometry and due to included
functions and tools students can discover proofs more easily. Of course, students also create
some examples and tasks themselves.
We have web pages with database of geometric tasks in the plane and in the space. We
provide the access to this database to our students (undergraduate).
In future work we will focus on further methods which can improve the teaching
process. We plan to extend our gallery of geometric tasks.
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