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Abstract. In this article we deal with the processing of point sets which can be
used in the process of surface reconstruction from point clouds. Especially we
focus on the task of searching for the axis of the general surfaces of revolution
given by finite set of points near or on the surface. We introduce completely new
iterative algorithm which searches for the axis iteratively using minimization
techniques. New algorithm is applied to computer generated point sets and to realworld data obtained from measurements of real surfaces by optical, laser and
contact 3D scanners. The proposed algorithm is implemented in the modern
programming language and interactive environment of MATLAB.
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1 Introduction
Surface reconstruction from point clouds is a widely used method in the
digitization of real surfaces. This interesting topic is undergoing rapid evolution
in many practical disciplines ranging from computer graphics and computer
vision to architecture and historical sciences, and its applicability continues
to grow.
The digital reconstruction problem is defined by an input finite set of points
(point clouds) in three-dimensional space. The aim is to create a reconstructed
surface such that the input points lie on or near the original surface, see [1, 3, 8
and 10]. It is always assumed that an input point cloud corresponds to a real
surface but the general task definition does not contain any additional
information as to its structure. The requirement is to obtain the final
reconstructed surface in the most compact form, i.e. described parametrically or
implicitly [9]. The process leading from an unorganized set of points in threedimensional space to a reconstructed surface in a compact description is the
subject of a modern and very active area of research into surface reconstruction
from point clouds [2, 5, 7, 10 and 13].
The search for the resulting reconstructed surface is a non-trivial problem as
there is no universal solution method applicable to any input point cloud. Due
to this complexity, surface reconstruction from point clouds still requires
further innovations. A wide practical application of this method is driving the
search for development of new techniques. Digital reconstruction is not only
a theoretical problem but a problem that the scientific and practical community

at large needs to solve effectively. Surface reconstruction from point clouds
represents a major challenge in the search for new universal solution methods.
Current approaches are based on the principle of distributing the
reconstruction process to several subsequent phases where each phase of the
task in some way simplifies and preprocesses the ensuing phase [10]. I also
followed this approach in my research.
This article is focused on one phase of reconstruction process – the analysis
of input point clouds describing special types of surfaces; see also [11].
Especially we deal with the task of searching for the axis of the general
surfaces of revolution given by finite set of points near or on the surface.

2 Search for the Axis of the General Surfaces of Revolution
Let us discuss the principle of the proposed algorithm – search for the axis of
the general surfaces of revolution. The algorithm is implemented in the modern
programming language and interactive environment of MATLAB.
For the following description, we assume that is the finite non-empty set
of points in the Euclidean space E3 and it is denoted as

= { X i }i =1 . Point
n

set
is obtained from measurements of a real general surface of revolution.
Points are sampled regularly, irregularly or a part of the set is missing.
The algorithm searches for the axis iteratively using minimization
techniques. The principle of the method is the sequential modifying of a line
from an initial position. The process will stop if a certain condition is satisfied –
in this case, if the final line is close enough to the real axis of the surface
of revolution. We determine the vector distance ∈ ℝ n at each step of the

{ X i }i =1
n

iterative algorithm whose coordinates are the distances of all points

of the surface of revolution from the actual line (in the first step from the given
initial line). It means that ith component of the vector distance is determined
(1)

distancei = X i − X i′

where Xi′ is an orthogonal projection of the point X i onto the actual line.
The distances of points { X i }i =1 from the actual line, i.e. components of the
n

vector distance , naturally determine the functional relation between the points
and the actual line. This relation is mapped into the newly selected Cartesian
coordinate system in the plane so that the actual line coincides with the axis x.
The origin of the coordinate system is chosen in the determining point of the
actual line and the orientation of this line is chosen by its direction vector. The
oriented distances of orthogonal projections Xi′ from the origin of the
coordinate system are the input variables; the distances of points { X i }i =1 from
n

the actual line, i.e. components of the vector distance , are the output variables.
The points viewed in the new Cartesian coordinate system are denoted as

{X }

n

i i =1

. This process which is repeated in each step of the algorithm is shown

in figure 1.
p

X i′

X i X i′

X i′

X i X i′

X i′

x

Xi

Fig. 1: The distances of points { X i }i =1 from the actual line p and the
n

distances viewed in the new Cartesian coordinate system
If the actual line corresponds with the axis of the surface of revolution,
points

{X }

n

i i =1

in the new Cartesian coordinate system can fit with a curve

which is identical to a half-meridian of the surface of revolution. We aim
to achieve this outcome with an iterative algorithm, i.e. in each step, the
position of the actual line is modified and improved.
We are ready to introduce the method of finding the axis of the surfaces

{ }

of revolution. We define ε -neighborhood, ε > 0 , ε ∈ ℝ , for all points X i

n

i =1

in the new Cartesian coordinate system. This ε -neighborhood for point X i is
denoted as Bε ( X i ) . We determine the error function as the area of the union
of all the ε -neighborhoods, i.e.
n

(2)

S = ∪ Bε ( X i ) .
i =1

We are looking for a minimum of the error function because ε
-neighborhoods of all points

{X }

n

i i =1

have the largest overlap if the actual line

corresponds with the axis of the surface of revolution, i.e. the area from (2) is
minimal. The error function is minimized using the numerical method of the
steepest descent [4 and 12], specifically the general and modified version with
a constant step size.
The error function has six parameters – the components of the determining
point of the actual line and the components of its direction vector. These
parameters are updated at each step of the algorithm.

2.1 The Computation of Error Function in Symbolic Code
The computation of the error function is described in the following symbolic
code. The error function is denoted as error_function and its output for the
specific six parameters as error .
Point A and direction vector u of the actual line are the inputs of the error
function, value error is the output.
Let

= { X i }i =1 be the set of points in the Euclidean space E3 which lie on
n

a surface of revolution. There are several variables in the following symbolic
code. The coordinates of vector distance are the distances of all points { X i }i =1
n

of the surface of revolution from the actual line; the variable projection is
an orthogonal projection of the point X i onto the actual line; coords x and

{ }

coords y are the coordinates of points X i

n

i =1

and rand_points are randomly

generated points in the new Cartesian coordinate system in the plane in the
rectangular region bounded by the smallest and largest coordinates coords x and
coords y . The variables surface_area , surface_count and surface_ratio are
defined for computation of the area from (2). The variables t , xmin , xmax , y min
and ymax are auxiliary. Parameter inside is a logical value. If a randomly
generated point is inside ε -neighborhood of point Xi then the True value is
returned, that is inside = True . For the computation of the area from (2) we use
the Monte Carlo method.
The symbolic code also uses global variables – accuracy and ε . A suitable
option is for example: accuracy = 1000 and ε = 10 .
function error_function( A, u ) : real
1: distance ← ∅
2: projection ← ∅

3:
4:
5:
6:
7:
8:
9:

coords x ← ∅

coords y ← ∅
rand_points ← ∅
surface_count ← 0
unit_vector ← u / u
for i = 1, 2,..., n do
projection[i ] ← A + (unit_vector ⋅ ( X [i ] − A))unit_vector
%{orthogonal projection of point onto the actual line}
distance[i ] ← X [i] − projection[i]
10:
11:
let t ∈ ℝ such that projection[i ] = A + t ⋅ unit_vector
12:
coords x [i ] ← t
13:
coords y [i ] ← X [i ] − projection[i ]
14: xmin ← min (coords x )
15: xmax ← max (coords x )
16: ymin ← min(coords y )
17: ymax ← max(coords y )
18: for j = 1, 2,..., accuracy do
19:
rand_pointsx ← ( xmax − xmin ) ⋅ rand + xmin
%{random value in interval ( xmin , xmax ) }%
rand_points y ← ( ymax − ymin ) ⋅ rand + ymin
20:
%{ random value in interval ( ymin , ymax ) }%
21: for j = 1, 2,..., accuracy do
22:
inside ← False
23:
for i = 1, 2,..., n do
24:
if (coordsx [i], coords y [i]) − (rand_pointsx [ j ], rand_points y [ j ]) < ε then
25:
inside ← True
26:
break
27:
if inside then
28:
surface_count ← surface_count + 1
29: surface _ area ← ( xmax − xmin ) ⋅ ( ymax − ymin )
30: surface _ ratio ← surface_count / accuracy
31: error ← surface_ratio ⋅ surface_area
32: return error
Monte Carlo (lines 18-28) is a known stochastic computational method [6].
The accuracy of the Monte Carlo method in algorithm is given by variable

accuracy . Let us note that the option of the variable ε is problematic because
there is no automatic determination of it. We find the correct value
experimentally.

2.2 Example
The functionality of the proposed algorithm search for the axis of the general
surfaces of revolution is shown in the following example.
Let

= { X i }i =1 be the set of points in the Euclidean space E3 which lie
n

on a surface of revolution – in this example one-sheet hyperboloid of
revolution. In this special example the points are sampled regularly on surface,
see figure 2.
A hyperboloid is placed in a special position (its axis is coordinate z -axis)
that enables us to better check the correctness of the solution. The given initial
line is also depicted in figure 2 with its parametric description. We can also see
the distances of all points

{ X i }i =1
n

of the surface of revolution from the initial

line and the situation in the new Cartesian coordinate system in the plane.
Parametric equations x=-0.5t-10
y=0.5t+10
z=4t+2
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Fig. 2: Regularly sampled points on one-sheet hyperboloid of revolution,
the given initial line, the projections of the points onto the initial line and
the situation in the new Cartesian coordinate system in the plane
20

Searching for the axis of the hyperboloid is done using the numerical
method of the steepest descent in its modified version with a constant step size.
The sequential modifying of a line from an initial position is shown in figure 3.
Figure 4 illustrates the situation in the plane for several steps of the algorithm.
The final estimation of the axis of the hyperboloid, its parametric equations and

the situation in the Cartesian coordinate system in the plane for the final line
are shown in figure 5. We got a good result for the presented input parameters
and 2000 iterations.

Input parameters of the
error function
45

accuracy = 1000

40

ε = 30

35
30

25

Input parameters of the
numerical method of the
steepest descent – modified
version

20

15
10

-20
-10

5
0

0
-20

-15

max_iteration = 2000

10

-10

-5

0

5

10

15

20

20

Fig. 3: Input parameters of the minimization technique and error function
and sequential modifying of a line from an initial position
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Fig. 4: Sequential modification of the situation in the plane in several steps
of the algorithm

Parametric equations x=0.075136t+0.034375
y=0.023801t+0.11464
z=11.9383t+2.7056

uSTEP = (0, 07514;0, 0238;11,93832)Τ

ASTEP = [0,03438;0,11464; 2, 70563]
point and direction vector
on the final line
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Fig. 5: The final estimation of the axis and the situation in the new
Cartesian coordinate system in the plane
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2.3 Experimental Evaluation

cca 40 cm

New algorithm is also applied to real-world data obtained from measurements
of real surfaces by optical, laser and contact 3D scanners. We measure smaller
physical models of real objects – mostly models of balustrades, vaulted arches
or various roof shapes.
Let us present the process of reconstruction of one real point cloud
representing a general surface of revolution, see figure 6. The input point cloud,
see figure 6, consists of 96 263 points and is obtained with a Vectra3D optical
scanner. The aim is to approximate the given point cloud using a triangle mesh.
We use the proposed algorithm search for the axis of the general surfaces of
revolution as the first step. Searching for the axis is presented in figures 7-9.

Fig. 6: Model of balustrade consisting of coaxial surfaces of revolution and
point cloud without any modification – data acquisition by an optical
Vectra3D scanner
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Fig. 7: The given initial line and input parameters of the minimization
technique and error function

Parametric equations x=-0.12183t-20.5741
y=0.10365t-1.3607
z=6.0733t-48.9841
150

uSTEP = (−0,12183;0,10365;6, 0733)Τ
100

150

ASTEP = [−20,5741; −1,3607; 48,9841]

50

100

point and direction
vector on the final
line

0

50

0

-50
-100
-50

-50

-100
-100

0
-50

0

50

50

-50

-100
0
-50

0

50

50

Fig. 8: Sequential modifying of a line from an initial position and the final
estimation of the axis

Fig. 9: The situations in the new Cartesian coordinate system in the plane
in the first and the last step of the algorithm
We use the final estimation of the axis in the next step of the reconstruction
process for computing a triangle mesh approximating the input points.

3 Conclusion and Future Work
The article presents my contributions to the field of digital surface
reconstruction from point clouds applied in engineering and construction
practice.
I presented completely new algorithm – search for the axis of the general
surfaces of revolution. The proposed algorithm is based on geometric principles
which can be applied thanks to the knowledge of the properties of the
reconstructed object. This aspect is not usually taken into account in general
solution methods; in addition, the advantages include easy implementation and
clarity.
A significant value lies in the analysis and processing of not only
synthetically generated point clouds but also real point clouds obtained
from measurements of real-world objects.
The topic of surface reconstruction is far from exhausted. I am already
working on the next stages of the reconstruction process and I am devoting
especially to the analytical description of the surfaces represented by a point
cloud. For these purposes, I am developing smooth surface evolution methods
based on sequential modifying of a parametric surface from some initial
position and shape to the best approximation of a point cloud. These evolution
methods require previous orientation of the input point set and its
approximation to a polygonal mesh.
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